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1 Introduction 



Let // be a Radon measure on Qt ^ [0, T] x W^ and let ^9 : M'' ^ R, / : Qt x M x M*^ ^ M, 
^ ' g : Qt x M — )• M be measurable functions. In the paper we consider strong solutions in 

Sobolev spaces of the Cauchy problem 



Here 



— + Ltu = -fu- giu)fi, u(T) = if. (1.1) 

is an operator with measurable coefficients a : Qt -^W^®W^, b : Qt — > R°' such that 

d 

A|e|' < Yl «''(*' ^)^i^J < ^1^1'' «'' = «''' \b\t,x)\ < A, ^ e M^ (1.3) 

«j=i 
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for some < A < A, and fuit, x) = f{t, x, u{t, x),a'Vu{t, x)) with a such that aa* = a, 
g{u){t, x) = g{t, X, u{t, x)), (t, x) € Qt- 

Nonlinear elhptic equations in divergence form with measure data on the right- 
hand side are considered in [17J. Our interest in general parabolic equations of the 
form (jl.ip with nonlinear g comes from that fact that as we shall see in Section [5] 
they arise naturally when considering the obstacle problem (parabolic variational in- 
equalities). Let us mention also that equations of the form (II. Ih include the so-called 
Schrodinger equations with measure data, that is parabolic equations of the form (jl.ip 
with g{t,x,y) = y considered for example in [TOJ. Abstract parabolic evolution equa- 
tions involving measures which depend nonlinearly on the solution are considered in 

Let X = {{X,Ps^x)', {s,x) € [0,T) x R'^} be a Markov family corresponding to the 
operator Lt (see |24l 127] 1. Our main result concerning (jl.ip says that if // belongs to 
the weighted Sobolev space L2(0, T; H~^) then under natural conditions on ip, /, g there 
exists a minimal strong solution of (jl.ip and the pair 

(y/'", Z,^'") = {u{t, Xt),aVu{t, Xt)), t G [s, T] (1.4) 

is a minimal solution of the generalized backward stochastic differential equation (GB- 
SDE) 

F/'" = ifiXr) + f f{e, Xe, Y^'\ Z,^'") dO + f g{e, Xe, F/'") dRs,e 
Jt Jt 

- Zg'^'dBsM, te[s,T], Ps^x-a.s., (1.5) 

where Bg. is some standard Wiener process under Pg^x and i? is a continuous additive 
functional of X corresponding to /i in the sense that 

Es,x r]{t,Xt)dRt= / r]{t,y)p{s,x,t,y)dn{t,y) (1.6) 

Js Js JR<* 

for any bounded measurable rj : Qt — ?• [0,oo). Here Eg^x denotes expectation with 
respect to Pg^x and p is the transition density function of {X, Ps,x) (or, equivalently, p is 
the fundamental solution for Lt). From (II. 4p it follows in particular that u{s, x) = Ys'^ , 
so (jl.Sp may be viewed as the Feynman-Kac formula for solutions of (jl.ip . 

In [7J it is proved that viscosity solutions of the Cauchy problem for semilinear 
parabolic equation in nondivergence form with obstacle can be represented by solu- 
tions of some reflected backward stochastic differential equations (RBSDEs). As an 
application of results concerning (jl.ip we provide such a representation in the case 
where the equation is in divergent form and strong solutions in Sobolev spaces are con- 
sidered. We strengthen also known analytical results on homographic approximation 
of solution of the obstacle problem. 

Roughly speaking, the obstacle problem consists in finding u : Qt -^ R such that 
for given ip, f as above and h : Qt — > M, 



mm{u-h,-^ - Ltu- fu) = in Qt, 
u{T) = ip on M'^, 



(1.7) 



i.e. u satisfies the prescribed terminal condition, takes values above a given obstacle 
ll + LfU < -fu in Qt and equation ^ 



h, satisfies inequality ^ + Ltu < —fu in Qt and equation ^ + Ltu = —fu on the set 



{u > h}. 

In the case where Lt is a non-divergent operator of the form 



2 ^-^ dxidxj ^ dxi ' 



problem (jl.7p has been investigated carefully in \7\ by using probabilistic methods. Let 
X^'^ be a solution of the Ito equation 

dX^'"" = a{t, Xl'"") dWt + 6(t, Xl''') dt, Xp"" = X {aa* = a) 

associated with Lt- In [7J it is proved, that under suitable assumptions on a,b and 
the data ip,f,h, for each {s,x) € Qt there exists a unique solution (y^^^^ z^'^,K^'^) 
of RBSDE with forward driving process X^'^, terminal condition ip{X^^), coefficient 
/ and obstacle h{-,X^'^), and moreover, u defined by the formula u{s,x) = Yf'^, 
(s, x) € Qt is a unique viscosity solution of (jl.7p in the class of functions satisfying the 
polynomial growth condition. 

In the present paper we are interested in stochastic representation of solutions of 
the obstacle problem with divergence form operator in the framework of Sobolev spaces 
(for the case of non-divergence form operator see [3] , [18] ) . The advantage of using such 
a framework lies in the fact that it allows to provide stochastic representation not only 
for Y^'^ but also for Z'^'^ and K^'^. 

By the strong solution of the obstacle problem we understand a pair (u, fi) consisting 
of a measurable function u : Qt -^ M having some regularity properties and a Radon 
measure /i on Qt such that 

du f 

-^ + Ltu = -fu - /i, u(T) = if, u>h, / {u - h) dfi = (1.8) 

Cc Jqj. 

(see Section m for details). 

Let St = h(t,Xt), t G [s,T], and let (Y''=', Z'^"", K'^"") be a solution of RBSDE 

y/'" = ifiXT) + f,^ f{e, Xe, y/'^ z^^) de + k^^ - k^ 

- J^ Zg'^'dBsfi, t £[s,T], Ps^x-a.s. 

Y^'^'ySt, te[s,T], 

, K^'^ increasing, continuous, Kp^ = 0, j\, (Y^'^ — St) dKp^ = 0. 

We show that under mild conditions on (p, f and h there exists a unique solution (u, fi) 
of ([LSD- Moreover, for a.e. {s,x) € [0,r) x M'^, 

u(t,Xt) = y/'^tG [s,r], Ps,x-a.s., Zp"" = aVu{t,Xt), A®P,,^-a.s. (1.10) 

and K^'^ corresponds to ;U, i.e. (|1.6p with R replaced by K^'^ holds true. The corre- 
spondence between K^'^ and fi allows us to derive properties of K^'^ from those of fi 
and vice versa. 



Our proof of (jl.lOp and the correspondence between K^'^ and /x is based on a general 
approximation result for solutions of RBSDEs. The approximation we consider may be 
viewed as an analogue of the well known in PDEs theory homographic approximation 
for strong solutions of an obstacle problem (see [20]). Therefore we call it a stochastic 
homographic approximation. Up to our knowledge, it is used here for the first time in 
the context of RBSDEs. 

By using the stochastic homographic approximation we prove also that under mild 
regularity conditions on h the measure ^ is absolutely continuous with respect to the 
Lebesgue measure A on M , and we get some information on the density dfi/dX. This 
provides information on the density of the control process K'^'^. It is worth pointing out 
that the approximation provides additional information on the control process also for 
general non-Markovian RBSDE with obstacle being a general continuous semimartin- 
gale. For instance, it allows to prove a stochastic version of the Lewy-Stampacchia 
inequality. 

Our results on convergence of stochastic homographic approximations to solutions 
of ()1.9p when combined with ()1.10p prove convergence of homographic approximations 
of solutions of (jl.Sp . In particular, we show that if ^ + Lj/i is a signed Radon measure 
on Qt then under some assumptions on (p, /, the strong solution u of (jl.Sp is a limit, 
in the space L2(0, T; H^) n C([0, T], L2(M'^)), of maximal solutions of the problem 

-^ + LtUn = -fur,- l^n, Un{T) = if 

with 

1 _ dh 

^^n = — . 7T ^ , $ = 7- + Lt/l + A- 

1 + n\Un — n] ot 

This strengthens considerably analytical results which asserts that u is approximated 
by homographic approximations in h2^g{QT), while its gradient weakly in h2^g{QT) (see 
[2D]). Let us point out also that contrary to [2D] our approximation is direct in the 
sense that it does not require smoothing the functional ^~. Furthermore, we prove 
that {nn} converges to ^ weakly and in the dual space to the space Wg (see notation 
below) . 

Finally, let us mention that in case 6 = from our stochastic Lewy-Stampacchia 
inequality we get easily the Lewy-Stampacchia inequality for solutions of the obstacle 
problem (|1.8p . 

In the paper we adopt the following notation. 

Qt = [0,T] X M^ Qf = [0,T) X M^ Qt = (0,T) x R^ V = (^,. . . ,^). 

By B{D),Bi,{D),B^{D) we denote the set of Borel, bounded Borel, positive Borel 
functions on D respectively. Cq{D), C^{D), C^{D) are spaces of all continuous 
functions with compact support in D, smooth functions with compact support in D 
and smooth functions on D with bounded derivatives, respectively. We also write that 
K CC D if K is compact and included in D. 

L,p[W^) (Lp(Qt)) are usual Banach spaces of measurable functions on W^ (on Qt) 
that are p-integrable. Let g he a positive function on M'^. By Lp^g(M°') {L,p^g{QT)) we 
denote the space of functions u such that ug € Lp(M'^) {ug G Lp((5t)) equipped with 
the norm ||u||p,g = ||w^||p (||M||p,g,r = ||^^|Ip,t)- By {•,-)2,g we denote the inner product 
in L2,g(M'^) and by (•, ■)2,e,T the inner product in 'L2,g{QT)- 



-ffj, is the Banach space consisting of all elements u of L2,p(M ) having generalized 
derivatives ^, i = 1, . . . , d, in L2,g(M'^). Wg is the subspace of L2(0, T; H^) consisting 
of all elements u such that ^ G IL2(0, T; H~^), where H~^ is the dual space to H^ (see 
[I5] for details). By (•, ■)g^T we denote duality between L2(0, T; i:/^^""'^) and L2(0, T; -ff^). 
-^(Qt) (-^"'"(Qt)) denotes the space of Radon measures (positive Radon measures) 
on Qt- By m we denote the Lebesgue measure on Qt- 

By C we denote a general constant which may vary from line to line but depends 
only on fixed parameters. 

2 Generalized BSDEs 

Let {Bt,0 < t < T} be a d-dimensional standard Wiener process defined on some 
probability space (i7, J^, P) and let {J~'t}te[o,T] denote the usual augmentation of the 
natural filtration generated by B. 

Let ^ be an J^^^-measurable random variable and let / : fi x [0, T] x M x M*^ — )• M, 
g : 0, X [0, T] x M — )• M. We will need the following assumptions. 

(Ai) ^Gh2{n,TT,P), 

(A2) For every {y,z) G M x M*^ the processes f{-,y,z), g{-,y) are predictable, 

(A3) R is increasing continuous process such that E\Rt\'^ < C)0, 

(A4) There exist K > and a predictable process 7 such that E J^ [74 p dt < 00 and 

\f{t,y,z)\<K{\jt\ + \y\ + \z\), P-a.s. 

for ante [0,r],y GE,z GM"^ 

(A5) There exists M > such that \g{t, ■)\<M,te [0, T], P-a.s., 

(A6) {y.,z) -^ f{t,y,z) is P-a.s. continuous for every t G [0,r], 

(A7) y -^ g{t,y) is P-a.s. continuous for every t G [0,r], 

(A6') There is L > such that 

\f{t,yi,zi) - f{t,y2,Z2)\ < L{\yi - y2\ + \zi - Z2\), P-a.s. 

for every yi,y2 G E, zi,Z2 G M^t G [0,r], 

(A7') There is L > such that 

\9{t,yi) - 9{t,y2)\ < L\yi -^2!, P-a.s. 

for every ^1,2/2 G E, t G [0,r]. 

Following \11\ I22j we say that a pair {Y, Z) of {J-t}-progressively measurable pro- 
cesses on [0, r] taking values in R x M is a solution of the generalized backward stochas- 
tic differential equation (GBSDE) 

Yt = i+ f f{s,Ys,Zs)ds+ f g{t,Yt)dRt- [ {Z„dB,), tG[0,T] (2.1) 
Jt Jt Jt 



if EsupQ^f^rp |1^|2 < oo, £'/q \Zt\'^ dt < oo and (j2.ip is satisfied P-a.s. If {Y, Z) is a 
solution of dm such that Yt < ft, t e [0,T], P-a.s. for any solution {Y,Z) of (fZT]) . 
then it is called a minimal solution of (j2.ip . 

Of course, if i? = or </ = 0, then GBSDE reduces to the usual backward SDE with 
terminal condition S^ and coefficient /. 

The main purpose of the present section is to prove comparison results for solutions 
of ()2.ip . and, in consequence, to prove that under (A1)-(A7) there is a minimal solution 
to dHJ. 

We begin with a priori estimates for solutions of (j2.ip and a "backward version" of 
the generalized Gronwall's lemma, which in turn will be used to prove some comparison 
principle for solutions of GBSDEs. Let us mention here that a priori estimates and 
comparison results for solutions of GBSDEs are proved in [21] but under assumptions 
on g not suitable for our purposes (in [21] monotonicity of (7 is required). 

Proposition 2.1. Assume (A1)-(A5) and let {Y, Z) he a solution of (2.1\) . Then there 
exists C > depending on K, M, T such that 



E sup \Yt\'^ + E [ \Zt\'^dt<C{E\^\^ + E\RT\^ + E f \^t\^dt). 

0<t<T Jo Jo 



rT i-T 

\Zt\^ dt < C{E\i\'^ + E\Rt\'^ + E / 
'0 Jo 

Proof. By Ito's formula, for every t G [0, T] 



rri rri rri rri 

\Yt\^+ [ \Ze\^de = \^\^+ [ f{9,Ye,Ze)Yed9+ [ g{Ye)YedRe- [ ZeYedBg. 
Jt Jt Jt Jt 

Hence, by (A4) and (A5), 

\Yt? + \j \Ze\^de<\C\^ + 2{K + K^) J \Ye\^ d9 

+ K I \-fe\^de + M f \Ye\dRe- [ ZgYedBe. (2.2) 

Jt Jt Jt 

Taking expectation and using Gronwall's lemma yields 

E\Yt\'^ + E [ \Ze\^de<C{E\i\^ + E f \^t\'^ dt + E [ \Ye\dRe). (2.3) 

Jo Jo Jo 



Therefore taking supremum in (|2.2p . using the Burkholder-Davis-Gundy inequality and 
(lOD we get 



E sup \Yt\'^ + E / \Ze\^de 

0<t<T Jo 

rT 



<C{Ee + El \jt\^dt + E [ \Ye\dRe) 
Jo Jo 

<C{E\C\^ + E [ \^t\^dt + E\RT\^) + lE sup \Yt\\ 

Jo ^ 0<t<T 

which proves the proposition. □ 



Lemma 2.2. Let Y be a continuous decreasing process such that Y > a.s. and EYq < 
oo, and let A be an adapted continuous increasing processes such that < At < a a.s. 
for some a > 0. If 

EYr <E I Ys dAs 



for every stopping time < t <T then y = 0. 

Proof. Without lost of generality we may and will assume that A is strictly in- 
creasing. Put Tj = inf{s € [0,T];^s > t} AT. By the change of variable formula and 
assumptions, 

EYr, <E [ Y,dAs = E [ Ysl{r,<s<T}dAs 
Jrt Jo 

< E / Yr^l{r,<r^<T} du = / EYr^ du < / EYr^ du. 

Jo Jt Jt 

and the result follows by classical Gronwall's lemma. □ 

Theorem 2.3. Suppose that £,i, fi,gi,R^, i = 1,2 satisfy (Al)-(A5) and, in addition, 
fi,gi satisfy (A6'), (A7'). Let {Y\Z'') be a solution of \2. 1\) with data ^i, fi, gi, R^ , 
i = l,2. If 

(i) 6 < 6, P-a.s., 

(ii) fii-,y,z) < f2i-,y,z), dt^dP-a.e. for every {y,z) G M x M'', 

(iii) gi{t, y,2) dRl < g2{t, y,2) dRl P-a.s., 

(iv) R}p < a, P-a.s. for some a > 0, 

then y/ < y/, t G [0,T], P-a.s.. 

Proof Write ^ = ^i - ^2, Y = Y^ - Y"^ , Z = Z^ - Z^. By Ito's formula and 
assumptions, 

irv ,2-, 

^{Ye>0} 



Z/)\ lfY„~>n\d6 



lYt'l' + l 

= ie+l' + 2jj" {fi{e,Ys\zl)-f2{e,Ylzi))Y+de 

+ 1 g,{9,Ys')Y+dRl- I g2{e,Yi)Y+dRl- j ZeY+ dBe 

<C [ \Y+\^ + a[ \Zg\H^Y,>o}d9+ I {gi{9,Y^)-gi{d,Yi))Y+dRl 
Jt Jt Jt 



T 

ZeY+dBe. 
t 

Now, arguing as in the proof of Proposition 12.11 we get 

r-T f-T 



E sup \Y+\^<c(e [ \Y+\^d9 + E [ \gi{e,Ys')-gi{e,Ys^)\Y+dRl). 

t<s<T \ Jt Jt / 



Hence, 

rp 

E sup \Y^\^<CE f sup \Yf^\^{ds + dRl). 

t<s<T Jt s<e<T 

The same inequality we can get for every stopping time t <T instead of t. By Lemma 
2] we get the result. n 



Let Q denote the set of rational numbers. The following useful approximation result 
is proved in [14]. 

Lemma 2.4. Let / : R"' — )■ R be a continuous function such that |/(a;)| < C(l + jx|), 
X G M°', for some C > 0. Set fn{x) = m.iy^Qd{f{y) + n\x - y\}, x € M'', n G N. Then 

(a) |/„(x)|<C7(l + |x|),xG]R^ 

(b) fn{x) t f{x), X G M^ 

(c) ifxn^x then /„(x„) -^ f{x), 

(d) fn is Lipschitz continuous. 

We will need also the following lemma. 

Lemma 2.5. Let / : M°' — t- [0, oo) be a continuous function. Then there is a sequence 
{/„} C C^{R'^) such that 

(a) fn{x) t fix), X G R^ 

(b) ifxn^x then /„(x„) -^ f{x). 

Proof. By the Stone- Weierstrass theorem, for every e > there is fs G C°°{Qt) 
such that ll/e — /lloo < £■ Let /„ = /4-n — 2 • 4~". Then /„ < /n+i, ?t. > 1, because 
fn 1^ f and 4~" < f — fn 1^ "^ ■ 4"*^ for n > 1. Therefore the sequence {/„ = rjnfn}, 
where {ry„} C C^(R'^) is a sequence of positive functions such that r/„ t 1 uniformly in 
compacts subsets of M'^ has the desired properties. □ 

Proposition 2.6. If assumptions (A1)-(A7) are satisfied then there exists a minimal 
solution of GBSDE Ii2.1\) . Moreover, if (^i, fi,gi,R^ , i = 1,2, satisfy assumptions (i)- 
(iii) of Theorem, \2.3\ and the pairs (Y^, Z*), i = 1, 2, are minimal solutions of h2. 1\) with 
data ^i, fi, gi, R^ , respectively, then Yi < Y^, t G [0, T], P-a.s.. 

Proof. Let fn be the approximation of / considered in Lemma [2.4l and let gn be the 
approximation of g considered in Lemma 12.51 From [21] we know that for each n G N 
there exists a unique solution (Y"', Z"') of GBSDE 

Yr = C+ f fnis,Yr,Z^)ds+ [ gnit^YDdR'l- I {Z^,dB,), tG[0,r] (2.4) 
Jt Jt Jt 

with R^ = R An. By Theorem 12.31 {Y"'} is increasing, and by Proposition 12.11 

E sup lY'^lf + E [ \Z^fdt<c(E\^\'^ + E\RT\'^ + E[ \jt\'^ dt] (2.5) 

0<t<T Jo V Jo J 



for some C not depending on n. Therefore, 

rT pT 

\Yt''-Yl^\^dt + E / 
^0 Jo 

By Ito's formula, 



E I \Yl' - y™|2 dt + E I iFj" - y™| dRt -^ 0. 






m,2^Q 



t 

'^{Y,--Yn{fn{e,Y,\z^)-U{e,Ys\z^))d9 

t 

T rT 



+ / {Y^-Yn9n{e,Y^)dR-e- I {Y^ -Yn9m{e,YndRT 
Jt Jt 

+ J\y^ - Y^){Z^ - ZT) dBe. (2.6) 



From the above and (j2.5p we conclude that 

r-T 



E\Yl' - Yl^\^ + E [ iZj" - Zl 
Jo 

<c{(e I \Yl' - y™|2 d9\ +E I [y^" - Y^\ dRt ) = I"'"". (2.7) 

Now taking supremum in (|2.6|) . using BDG inequality and estimate (|2.7|) we get 
-E sup ly^" - 1;™^ + E / |Zf - Z™|2 dt < J"'"^. 

0<t<T JO 

Since we know that /"'™ ^- as n, m, ^- oo, passing to the limit in ()2.4p proves existence 
of a solution {Y,Z) of (j2.ip . Furthermore, by Theorem 12.31 if {Y,Z) is a solution of 
([2T]) then y^" < y*, t G [0, T], P-a.s. for each n G N, which implies that Y <Y. 

To prove the second part of the theorem, we approximate (Y^,Z^) in the same 
manner as above. Let {(y^'", Z^'")} denote the approximating sequence. By Theorem 
yI'" <Y^,te [0, T], P-a.s. for n G N, which yields Y^ <Y'^. D 



Remark 2.7. Under assumptions (A1)-(A7) there exists a maximal solution of GBSDE 
(j2.ip . This follows from the fact that if /(t, y, z) = — /(i, — y, — z), g(t, y) = — y(t, — y), 
and if {Y,Z) is a solution of (j2.ip with $,,f,g replaced by —^,f,g, then the pair 
(— y, — Z) is a solution of (j2.ip . Therefore, if {Y, Z) is a minimal solution of (|2.ip 
with data — ^, /,^, then (— y, — Z) is a maximal solution of (|2.ip . 

3 Stochastic homographic approximation 

In what follows 5 denote a continuous {J-(}-progressively measurable real- valued pro- 
cess S" on [0, T] such that 

(A8) St < C -P-a-s. and i?supo<«3^ I'S'f^P < c«. 



Recall that a triple (Y,Z,K) of {-Ft}-progressively measurable processes on [0, T] 
taking values in M x M'^ x M"*" is a solution of the reflected backward stochastic differential 
equation (RBSDE) 

' ^t = ^ + f f{s, Ys, Zs)ds + KT-Kt- f^^{Zs,dBs), t G [0, T], 
< Yt>St, tG[0,r], (3.1) 

^ K is increasing, continuous, Kq = 0, /q {Yt — St) dKt = 

if £'supo<j<T \Yt\'^ < oo, E J^ \Zt\'^ dt < cxo, E\Kt\'^ < oo and ()3.ip is satisfied P-a.s. 
In [T] it is proved that if (Al), (A2), (A4), (A7') and (A8) are satisfied then (|3J]) 



has a unique solution. 

In the following theorem we assume that S is a continuous semimartingale admitting 
the decomposition 

St = ST+ f /(s, S„ Zs) ds - {Ct - Ct) + {Rt -Rt)- I ~Zs dB„ (3.2) 

Jt Jt 

where Z is an {J'il-adapted square-integrable process and C,R are continuous {Tt}- 
adapted square-integrable increasing processes. 

Remark 3.1. If S" is a semimartingale with the decomposition 

St = So + Mt + Uu tG[o,r], 

where M is square-integrable martingale on [0, T] and U is an adapted process of square- 
integrable variation on [0, T], then it admits decomposition of the form (j3.2p . Indeed, by 
the representation theorem for martingales, there is a progressively measurable process 
Z such that E J^ \Z g\'^ ds < co and 

ft 



Mt= [ ZsdBs, te [o,r]. 

Jo 



Moreover, since [/ is a finite variation process, there exist increasing processes C/^, U 
such that Ut = f/+ - Uf , t e [0,T]. Therefore putting 



Ct= [ if is, Ss, Zs))+ ds + U+, Rt= f (/(s, Ss, Zs))~ ds + Ui, te [0, T] 
Jo Jo 

yields (I22D- 

Theorem 3.2. Assume (A1),(A2),(A4),(A7') and (A8). Let S he of the form / TO) 
and for n ^^ let iY^, Z") he a maximal solution of the following GBSDE 

Yr = i+ I f{s, y,", Z^) ds + K^- K2 - [ Z^ dBs, t G [0, T], (3.3) 

Jt Jt 

Kt = f < dRs, dl = ^„ . (3.4) 

Jo -L + "-|J^t ~ '->t\ 



where 
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Then Y^" > St, t e [s,T] a.s. for each n G N, F^" | Yt a.s. for every t E [0,r] and 

/■^ 

E sup jy^" - Yt\^ + E / |Z;^ - Zf p dt + -E sup \K^ - Kt\^ ^ 0, (3.5) 

where {Y, Z^ K) is a solution of i3.1\) . 



Proof Let (Y^", Zj") be a solution of ([33]) with a^ = 1 - ^Snf'ji in place of a". 
By Ito's formula, for every t G [0, T] we have 

Jt -L + 'T'lJ^s ~ '-'si 
rT rT 



2J {Yi'-St)-dCt-2 j {Yr-St)-{Z^-Zs)dBs 



T _ _ 

'^{Yt"-St<0}\^s - ^s\ ds 

rT 



+ 2 y (/(s, 5„ Zs) - f{s, i;", Z,"))(F," - Ss)- ds. 



It 
From this we obtain 

E\{Y^^-Str?<CE j \{Y^ - Ssr\^ ds, 

which implies that S < Y"". From this we see that (Y'^, Z") is a solutions of (jS.Sp . From 
maximality of Y'^ we have that S < y" < y" and we get (i). Using Ito's formula, the 
Burkholder-Davis-Gundy inequality and standard estimates we get 

E sup \Y;f + Ef \Z]}\^dt<CE(\C\^ + f |7ipdi+ f a^\Y;'\dRt 

0<t<T Jo \ Jo Jo 

It follows from the form of equation (|3.3p and Proposition 12.61 that Y^ > Y^^ , t G 
[0,r], P-a.s., nGN. Hence 



rT 
0<t<T Jo 



E sup |yi"P + ^ / l^rPdt 



<CeU\''+ I \^t?dt+ j a^\Yt'\dRt+ f a^\St\dRt) 



(3.6) 



Using once again Ito's formula we get 



E\Yt^ -Y^'^l'^ + E \Z'j^ - Z^f dt 
rT 



= -2E j^ {Y; - YDifis, Yr, Z^) - f{s, Y;, Z:)) ds 

-El\Yp-YniaT-a^)dRs 
<\e I \Z^ - Z^f ds + CE f |y," - YJ^\^ ds 

+E I |a™ - <||y," - y,'"! dRs. 
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By the above and Gronwall's lemma, 

E\Yl' - y/"p + / \Z^ - ZrP ds<CE |a^ - a^||y," - Y^\ dR^. (3.7) 

Jo Jo 

From the monotonicity of {V^} there is a process Y such that 1^" \ Yj, t G [0,T]. 
From this and ([MD we conclude that E f^ lYt"- - Yl^\^ dRt -^ 0. Hence, by (l37Fj) . 
i? Jq |Z" — ZJ^l'^dt —> as n,m —>■ cxd. Using the Burkholder-Davis-Gundy inequality 
we conclude from the above that 

rT 



E sup \Yt^ - y^P + E [ \Z]} - Z^ldt <C [ 
tefo,Tl Jo Jo 



la'^-aTWYr-YridR.^O 

= [0,T] 



as n, m — >■ cx), and hence, by (|3.3|) . that i^sup^ |K" — -K'^'P ^ as ra,m — )■ oo. This 
implies that there is a triple {Y,Z, K) such that Y is continuous, -^ continuous and 
increasing, satisfying 

r'^ - 

E sup (y^" - yi)2 + E / |Zf - Zip dt + E sup l/STf - i^tP ^ 0. 
te[o,r] JO te[o,T] 

From this we obtain that 

/ H%-s.>o}{y^-Ss)dK^ f l^y^_s^^,y{Ys-Ss)dKs= f {Ys-Ss)dKs. 
Jo Jo Jo 

P-a.s.. On the other hand, 

T rT 







i{F.-5.>o}(>;" - Ss) dK = I hys~s.>o} ,}Y{Y/-s.,) '^^^ ^ °- 



Accordingly, J„ (Yg — Ss)dKs = 0, P-a.s.. Therefore, by uniqueness of solutions of 
RBSDEs, (y, Z, K) = (y, Z, i^) D 

The following corollary may be viewed as a stochastic version of the Lewy-Stam- 
pacchia inequality (see [SJ [20] and Remark 15. 5p . 



Corollary 3.3. Under assumptions of Theorem \3.^ 

0<dKt< l{Y,=St} dRt. (3.8) 

Proof. FoUows from ([331), ([33]). □ 

Remark 3.4. If S is an Ito process of the form 

St = So+ f Zs dBs + [ Usds, te [0,T], 
Jo Jo 

where U, Z are progressively measurable processes such that E j^ (|L^tp + [Z^p) dt < oo, 
then by (Tj Remark 4.3], 

Kt= f l{Y.=s4»s{f{s, Ss, Zs) + Us)- ds (3.9) 

Jo 
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for some progressively measurable process a with values in [0, 1]. In fact, from every 
subsequence {n'} we may choose a further subsequence {n"} such that a^ ^^ a weakly 
in L2((0,T) X Q;dt® dP), which provides some additional information on a. To see 
that a can be approximated by an, let us first observe that S may be written in the 
form 

St = ST+ I fis, Ss, Zs) ds - [Ct - Ct) + [Rt -Rt)- I Z, dBs, t e [0, T], 

where 

Ct= f {f{s, Ss, Zs) + Us)+ ds, Rt= I {f{s, Ss, Zs) + Us)- ds. 
Jo Jo 

Therefore, by Theorem E21 if y",Z",a" are defined by dSD, (I23D and if" is defined 
by the formula 

K?= [ a^(f(s,Ss,Zs) + Us)-ds, 



? = / «^(/( 
Jo 



then (|3.5|) holds true. Since a" are uniformly bounded, there is a subsequence {n'} 
such that a"' -^ a weakly in L2((0, T) x 0,;dt(g) dP). Since a^(/(s, Ss, Zs) + Us)~ are 
uniformly bounded in L2((0, T) x 0,;dt ^ dP) as well, there is {n"} C {n'} such that 

af{f{t,St,Zt) + Ut)- ^ l{Y,=s,}atif{t,St,Zt) + Ut)~ , a"" ^ a 

weakly in L2((0,T) x Q;dt(S> dP). From this we conclude that a = a on the set 
{l{Y,=s,}as{f{s, Ss, Zs) + Us)~ > 0}. 

Remark 3.5. Analysis of the proof of Theorem 13.21 shows that the assumption that S 
is continuous is superfluous. What we really need is continuity of the process R. This 
is related to the fact, that if C is cadlag and R is continuous then S has only downward 
jumps going backward in time (see |11|). 

4 Semilinear parabolic equations with measure data 

Let (/? : M'^ -^ M, / : Qt X M X M°' ^^ M, 5 : Qr X M ^^ R be measurable functions. In 
this section we are concerned with existence and stochastic representation of a solution 
of the problem p.l|) 

Let Q = C([0,T],M ) denote the space of continuous M -valued functions on [0, T] 
equipped with the topology of uniform convergence and let X be a canonical process on 
Q. It is known that for an operator Lt defined by (jl.2p with o and b satisfying (jl.Sp one 
can construct a weak fundamental solution p(s, x, t, y) for Lt and then a Markov family 
X = {{X,Ps^x)', {s,x) € [0, T) X R } for which p is the transition density function, i.e. 

Ps,xi^t = x;0<t<s) = l, Ps,o^{XteT)= f p{s,x,t,y)dy, t & {s,T] 

for any F in a Borel a-fleld B of R'^ (see p^[27]). 

Set Tf = a{Xu,u € [s,t]),Tf = a{Xu,u G [T + s — t,T]) and define Q as the 
completion of J-^ with respect to the family V = {Ps,^ : /i is a probability measure on 
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B{W^)}, where Ps,n{-) = f^d Ps,x{-) fJ'{dx), and define Qf (^f) as the completion of Tf 
{^f) in G with respect to V. 

We will say that a family A = {^^,(,0 < s < t < T} of random variables is an 
additive functional (AF) of X if Ag^t is ^f -measurable for every < s < t < T and 
Ps^x{As^t = As^u + Au^t,s < M < t < T) = 1 for a.e. {s,x) € Qf. If, in addition, Ag^. has 
Ps^x-alinost all continuous trajectories for a.e. {s, x) G Qf, then A is called a continuous 
AF (CAF), and if Ag^. is an increasing process under Ps^x for a.e. {s,x) G Qf, it is 
called an increasing AF. If M is an AF such that for a.e. {s,x) € Qf, Es^x\^s,t\'^ < oo 
and Eg^xMs^t = for t € [s,T] it is called a martingale AF (MAF). Finally, we say 
that A is an AF (CAF, increasing AF, MAF) in the strict sense if the corresponding 
property holds for every {s,x) G Qf. 

Now we recall some known facts about functionals in L2(0, T; H'^^) (for details see, 
e.g., [5], |12j). Here and in what follows we will assume that q{x) = (1 + |xp)~", 
x G W^, for some a > and Jj^d q{x) dx < oo. 

It is known that if $ G L2(0, T; H'"^) then /x = /— div/ for some f,f = {fi,..., fd) G 
L2,e((3r), i-e. 

Hv) = if, V)2,,,T + (/, V7?)2,,,T, V e L2(0, T; Hi). (4.1) 

Let $ G L2{0, T;H^^). We say that $ G 7W+((3r) if there is a measure fj. G 7W+((5r) 
such that 

$(r/) = / r?d;u (4.2) 



for every r] G C^{Qt). Let us note that the measure /i has the property that 
/i({t} X R'') = for every t G [0,r] (see p]). 

Let us consider the Dirichlet form {£, F) on 'L2^q{Qt) with T = L2(0, T; H^) defined 
by the formula 

£{u,v) = (SJu,Vv)2,Q,T , u,v e T. 

It is easy to check that £ is regular and Cq°{Qt) is its core. With the form {£,J-) we 
may associate a Choquet capacity Cap : 2*^^ — > [0, oo] as follows. Let O denote the 
family of all open subsets of Qt. For yl G O we put 

Cap(74) = inf £i{u,u), 
u&Ca 

where Ca = {u G J-"; n > 1 a.e. on A} and £i{u,v) = £{u,v) + {u,v)2,g,T- For A C Qt 
we put 

Cap(A) = inf Cap(B). 

By [El Theorem 2.1.5], for every A C Qt there exists a unique e^ G La = {u G 
-F; u > 1 Cap-q.e. on A\ such that Cap{B) = £i{eA,eA). Since every functional in 
h2{0, T ; HZ'^) is of the form (j4.ip . it follows that the measure // is of finite energy 
integral (see Section 2.2 in ^) and, by [U Lemma 2.2.3], /n <^ Cap. Moreover, since 
every r] & T has Cap-quasi continuous version, repeating arguments of the proof of 
[9l Theorem 2.2.2] we can extend formula ()4.2p to all rj £ J^. In particular, given 
a G BbiQT) and $ G L2(0, T; iJ"^) n A4+(Qt) we may define a$ G h2{0, T;H-^) by 
the formula 

a^f) = <^{af)= [ afdfx, feUiO,T;Hl), 
Jqt 
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where ^ is the measure associated with $ in the sense of (j4.2p . 

Let us now consider parabohc capacity naturally related to the space Wg. We define 
the parabolic capacity of the Borel set B C Qf as follows 

cap(5) = PmiW ■ {t,Xt{oj)) e B for some t G [0,r]}), 

where m is the Lebesgue measure on Qt and -Pm(r) = Jn. Ps,x(r) dsdx for T £ Q. 
We say that u E B{Qt) is cap-quasi continuous if [s, T] 9 i i— )• u(i, Xt) is a Pg^x-s^-S- 
continuous process for a.e. (s,x) G Qr- It is known (see [121 US]) that every 77 G W^ 
has a cap-quasi continuous version. In what follows we will always consider cap-quasi 
continuous versions of elements of W^. 

Prom [9l Theorem 2.1.4] it follows that if u, u are Cap-quasi continuous and u = u 
a.e. then they are equal Cap-quasi everywhere. The same property hold for parabolic 
capacity. 

Proposition 4.1. If u,u G IL2,e(Qr) 11"^ cap-quasi continuous and u = u a.e. then 
u = u cap-quasi everywhere. 

Proof. Suppose that cap{{u 7^ u}) > 0. Then there exists A C Qf such that 
m(A) > and for every (s, x) G A, 

Ps^xiW ■ it,Xt) e{u^u} for some t G [s,T]}) > 

Since the processes t \-^ u{t,Xt), 1 1— )• u(t,Xt) have continuous trajectories, 

< Es,x \u-u\^{t,Xt)dt= / \u-u\^p{s,x,e,y)d9dy. (4.3) 

Js Js Jr'' 

Therefore, since m{A) > 0, 

0< [ [ (e,^^[ \u-uWt,Xt)dt)g\x)ds 
Jo JR'i \ Js / 

<C [ [ \u-u\\e,y)Q\y)dedy, 
Jo Jr'' 

the last inequality being a consequence of [121 Proposition 4.1]. Since (j4.3p contradicts 
the assumption that u = u a.e., the proposition is proved. □ 

Remark 4.2. If 77 G Wg then from [H Appendix A. 2] it follows that there exists 
{rjn} C C^{Qt) such that 7/„ — > r/ in Wg. By [T^l Corollary 3.4] there exists a 
subsequence (still denoted by {n}) such that r]n ^- f] cap-q.e., where f] is cap-quasi 
continuous version of r]. On the other hand, r/„ — > 77 in £1 so by [21 Theorem 2.1.4] 
there exists a subsequence (still denoted by {n}) such that 7y„ — )■ fy Cap-q.e., where fj 
is Cap-quasi continuous version of rj. From this we conclude that / ?y d^ = f fjdfj, for 
fieh2{0,T;H~^)nM{QT). 

Let /i be a positive Radon measure on Qt and let K be an increasing CAF of X. 
We will say that fi corresponds to K or K corresponds to fi (and write ^ ~ K) if 



Es,x vit,Xt)dK,^t= r]{t,y)p{s,x,t,y)dfi{t,y) (4.4) 

Js JO,T 



for every tj G B'^{Qt) and a.e. (s,x) G Qt- 

Observe that if /x corresponds to some increasing CAF of X, then /i ^ cap since 
p > 0. Note also that from ^ Corollary 3.5] it follows that every // G L2(0, T; F^^) n 
7W+((5t) has a corresponding CAF of X. 

Now we prove some properties of the Laplace transform of time-inhomogeneous 
additive functionals. Analogous properties for time-homogenuous additive functionals 
are to be found for instance in [23^ Chapter X]. 

Let A be an additive functional of X and let a > 0. The function 

rT 

U^is, x) = E,^, / e-"(*-^) clA.^t, (s, x) G Qt 

J s 

is called the Laplace transform of the AF A or the a-potential of A. If / G BbiQx) and 
f -Ais the functional defined by (/ • A)s,t = Jl f{d, X0)d0,O <s <t< T, then U%f 
denotes the a-potential of / • ^, that is 

fT 

U%f{s, x) = Es,^ / e-°(*-^)/(t, Xt) dAs,t , {s, x) G Qt- 

J s 

If As^t = t-s, then we denote U%f by C/"/. 

Lemma 4.3. For any additive functional A and any f G BbiQx), 

U2{U''f){s,x) = Es,,j e-''^'-'^f{t,Xt)A,^tdt 

for almost every {s,x) G Qt- 

Proof. By the definitions of a-potential the fact that {X, Ps,x) is a Markov process 
and Fubini's theorem, 

T \ 

^—0(9— s) ita V \ jn\ J A 

s,t 



U^{U^f){s,x) = Es,.l^ e-'^^'-'^Et^x, j^ e~^^'''^ f{6,Xe) do) dA 

= E,^, j e-°(*-^)i?,,,. (j e-"(^-^)/(0, Xe) de\gt\ dA,, 

= Es,. [ [ e-''^'-'^f{e,Xe)As,ede. 

Js Jt 



n 



Proposition 4.4. Let fj,i,i-i2 be Radon measures such that there exist additive func- 
tionals K,L such that fii ~ K, fj,2 ^ L. If fii < ^2 then K < L in the sense that 
Kt' i^ Li' I for every s < t <t<T, Pg^x-o-s- for a.e (s, x) G Qt- 

Proof. By the assumptions, 

U^f<Ulf, a>0 

for every / G Cq{Qt)- Using the theorem on monotone classes one can show that the 
above inequalities holds for any / G B^{Qt)- In particular, for any / G Cq{Qt) and 
a > 0, 

V^V^f < U'^U^f. 
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From this and Lemma 14.31 we conclude that for a.e {s,x) E Qt, 

Es,J{t, Xt)Ks,t < Es,J{t, Xt)Ls,t, t G [s, T] 

for every / € Cq{Qt)- Suppose that s < s < t <t. By the above, additivity of K, L 
and the Markov property, 

Es,xfit',Xt')Ksi^t = Es^xf{t',Xti)Ksifi + Es,xf{t',Xtf)Kti^t 

= Es,xiEs>^x^,ifit',Xt')Ks'^t')) + Es^xUit' ,Xti)E^i ^-^^Kt'^t) 
< Es,x{Es',x^,{f{t ,Xt')Lsi^t')) + Es^x{f{t ,Xt')Et'^x^,{Lt',t)]) 
= Es,xf{t ,Xt')Ls'^t. 

By induction, for every < t' < ii < • • • < t^ < t < T we have 



k k 



Es,x \_\_ f {U, XtjKt> ^t — Es^x \_\_ f {ti, Xt^)Lt> ^t, 

from which the lemma follows. □ 

Corollary 4.5. If ^ ^ K , ^ ^ L then K = L. 

It is known (see |131 125] ) that there exist C AF A in the strict sense and a continuous 
MAF M in the strict sense such that 

Xt-Xs = Ms,t + A,^t. te[s,T], Ps,x-a.s., 

for every (s,x) € Qf, and moreover, Mg^. is a ({^f },P5^a;)-square-integrable martingale 
on [s,T] with the co- variation given by 

{Ml.,Ml.)t = I aij{e,Xe)de, t e [s,T], i,j = l,...,d, (4.5) 

while As^. is a process of P^.x-zero-quadratic variation on [0, T]. In particular, X. — Xg 
is a ({ty|},P5 .j,)-Dirichlet process in the sense of Follmer. 
Observe that by (ji3|) . 



Bs,t= [ a-\e,Xg)dMs^e, te[s,T] 

J s 



is a ({^f }, Ps^a;)-Wiener process. In [I3j it is proved that it has the representation 
property. Therefore existence and uniqueness of solutions of (jl.9p follows from known 
results for usual BSDEs (see [7j), and moreover, we may apply Theorem l3.2l to RBSDEs 
with the Wiener process Bg^. defined on the stochastic basis (O, Q, {Q^}, Ps,x)- 

We say that a pair (F*'^, Z^'^) of {^f}-adapted processes on [s,T] is a solution of 
GBSDE ([LSD if Eg^^ sup^<i<T l^/'""!^ < oo, Eg^^ jj \Z''''\'^ dt < oo and ([TSD is satisfied 

Let 5*'^ be a continuous {Qf} adapted process. A triple (Y'^'^, Z'^'^jK^'^) of {Qf}- 
adapted process on [s,T] is a solution of RBSDE (jl.9p if Eg^xsupg^^^j' l^/'^P < oo, 
Eg^x fg \Z^'^\'^ dt < cxD, Es^x\Kt'^\'^ < oo and (\1.9h is satisfied Pj^^-a-S- 

In the rest of this section we assume that 
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(HI) ipel.2.. 



e\ 



(H2) There exist M > 0, 7 el^2AQT) such that \f{t,x,y,z)\ < \-i{t,x)\ + M{\y\ + \z\) 
for all (t, X, y, z) G [0, T] x M'=' x R x M'^', 

(H3) f(t,x, ■, •) is continuous for a.e. (t,x) € Qr, 

(H4) |5f(t,x,y)| < M for some M > and g{t,x, •) is continuous for every (t, x) E Qt- 

Let /u € L2(0, T; -ffg"""^) fl 7W+((5t)- We say that u G W^ is a strong solution of the 
problem ([TI]) if u{T) = ip in L2,g(M'^) and 

Ou f 

{jrr,v)e,T + {Ltu,7])g,T = -{fu,v)2,g,T - / r]g{u)dn 
<^t JQt 

for every -q G C^{Qt)- 

Notice that the terminal condition in the above definition is meaningful since it is 
known that Wg C C([0,r],L2,g(M'^)). 

The following theorem has been proved in [12] (see [121 Corollary 3.3]). 

Theorem 4.6. Let h G W^. If ^ + Lth = <& and $ = ai<l>i - 02*^2; where <I>i, <1>2 G 
L2(0,T; i/"-^), $1, $2 ^ 0, ai,a2 G Bb{QT), then there exist a cap-quasi continuous 
version of h, still denoted by h, and square- integrahle increasing CAFs C, R such that 

h{t,Xt) = h{T,XT)- f aii9,Xg)dCs,e+ [ a2{9,Xe)dRs,e 
Jt Jt 

- f aVhie,Xg)dBs,9, t£[s,T], Ps,^-a.s. 

for a.e. (s,x) G Qf, and i//ii,/X2 are Radon measures associated with $1 and ^2, 
respectively, then for a.e. (s,x) G Qf, 

Es,. f i{e,Xe)dCs,e= I I aO,y)p{s,x,e,y)d^,l{e,y), (4.6) 

Js Js JW 

Es,^ [ a9,Xe)dRs,e= I I aO,y)p{s,x,e,y)dMO,y) (4.7) 

Js Js JR'* 

for every ^ G Cq{Qt) and a.e. (s,x) G Qt- 

The above theorem will be used in the proof of the following theorem on existence 
and stochastic representation of strong solutions of (jl.ip and will play key role in the 
proof of Theorem 15.21 on existence, approximation and stochastic representation of 
strong solutions of the obstacle problem (|1.8p . 

Theorem 4.7. Assume that (H1)-(H4) are satisfied and fi G 1^2(0, T;H^^)riM'^{QT)- 
Then there exists a minimal strong solution u G Wg of the problem il.l\) . Moreover, 
the pair {u{t,Xt),a\/u{t,Xt)), t G [s,T] is a minimal solution of the GBSDE 

u{t, Xt) = ifiXr) + [ fu{e,Xe)de+ [ g{u){e,Xe)dR,^e 



r-T 

It 
where fj, ^^ R. 



f aVu{e,Xe)dBs,e, te [s,T], P^. 
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Proof. First we assume additionally that / is Lipschitz continuous with respect 
to x,y uniformly in t. Let (Y^'^,Z'^'^) be a solution of (jl.5p . Existence follows from 
Proposition [2]6] as the assumptions of this theorem are satisfied for a.e. (s, x) G Qt (see 
Corollary 3.5 and Proposition 4.1 in [H]). Let guiu) = g{u) + M so that guiu) > 0, 
and let 

Kt = I 9M{u){e, Xe, y/'") dRsM, t G [s, T]. 

J s 

Then we can write (11.51) in the form 



y/'" = ifiXr) + / f{e, Xe, y/'", Z,^'") + K^^ - K^" - MRT,t - I zl^ 
Jt Jt 



'''' dB, 



Let (y«'^'", Z^'^'") be a solution of the BSDE 



y/'^'" = ^{Xt) + I f{e, Xe, y/-'^'", z^^''^'') + i^^'^-" - k,"-^-" - MRT,t 

- 1^ Zl'^'''dBs,e, tG[s,T], 

where K^'^ ' = J^ n(Yg ' ' —Yg')~ dO. In much the same way as in the proof of the 
approximation result in [7( Section 6] (see also [21]) one can show that 

Es^x sup \Y^' ' -Y^' \ + Es^x I \Zf.' ' - Zf.' \ dt 

s<t<T Js 

+ Es,x sup |i^,%"'" - i^,%"f ^ (4.8) 

s<t<T 

as n, m ^ oo, and 

fT 

Es^x sup \Y^' ' I +Es,x I \Zt \ dt + Es,x\K^'j,' \ 

s<t<T Js 

<CEs,xMXt\^)+ [ |7(t,Xj)|2dt+ sup |y/'"|2 + |i?,,r|2). (4.9) 

Js s<t<T 



Let us observe now that defining 

r-T 



uis, x) = Es,x U{Xt) + / fit, Xt, y/'", z,^'") dt+ I git, X*, y/'") di?,,*") 

we get using the Markov property of X that 

Yr = EsAYrm 

= Es,x (viXr) + I fi9,Xe,Y^^\Zl^'')de + j gi9,Xe,Y^^'')dRsfi\Gt\ 

= Et,x, UiXx) + j fie, Xe, y/'", Z,^'") d9 + j gie, Xe, y/'") dRt^e\ 

= uit,Xt). (4.10) 
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Ps,x-a-S. for every t G [s,T]. Hence, 

y/'^'" = ^{Xt) + f f{e, Xe, y/'"'", z,^'^'") de 

+ f niYg''"'''' - u{e,Xe))- dO - MRT,t - j Z^'"'''' dBs,e (4.11) 



From (|4.10p . Corollary 3.5 and Proposition 4.1 in |12] it follows that u G ^2,eiQT)- In 
[6] it is proved that that there exists a unique strong solution Un of the problem 

-^ +LtUn = -fu„-n{Un-uy + Mfl, Un{T)=Lp, (4.12) 

while from Theorem 14.61 it follows that there is a cap-quasi continuous version of Un 
(still denoted by n„) such that the pair {un{t., Xt) ^ aV Un{t, Xt)) , t E [s,T], is a solution 
of (|4.1ip . Since (|4.1ip has a unique solution, 

y/'^'" = Un{t,Xt), t G [s,r], P«,^-a.s., Zj"'^'" = aVu„(t,Xt), A P,,^-a.s. (4.13) 

In view of the above we may consider versions of y^'^'"^ ^s,x,n^Y^^^ ^Z'^'^ which 
do not depend on s, x. Furthermore, from (j4.10p it follows that K^'^'", K^'^ have 
versions not depending on s, x. In what follows we consider versions of the processes 
not depending on s, x, and consequently, we drop the superscript s, x in the notation. 
Write dun = n{un — u)~ dm. From (14. Sp . ()4.9|) and [T?, Proposition 4.1] it foUows that 



\VUn-VUm\\ls,T<C I (Es,xf \ Z}^ - Z}^ \^ do) q\x) ds dx ^ 



\Un '^m\\2g,T — 



and 

C I (es^o^ I \Y^ - y^P de\ Q^{x) ds dx -^ 0. 

Now, if we set u{t, x) = lim„_j.oo Un{t, x) if the limit exists and is finite and n(s, x) = 
otherwise, then by the above, Un ^ u in L2(0, T; H^) and 

Es,x sup \Un{t,Xt)-u{t,Xt)\'^ ^0 
s<t<T 

for a.e. (s,x) G Qf which shows that u is cap-quasi continuous. Now, let r] G C^{Qt)- 
Then from the definition of the solution of (j4.12p , 

dun f f 

{-^^v)e,T + {LtUn,r])g^T = -{fu„,r])2,g,T- r]du„+ 7]M dfi. (4.14) 

Hence, by the integration by parts formula, 

dfi 

{un, ^)2,e,T - {LtUn,rj)g^T = {^, v(.T))2,g - (n(0) , r/(0))2,e + {fu„,r])2,s,T 

+ / rjdvn- / riMd^i. (4.15) 

Jqt JQt 
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By ()4.9p . Proposition 12.11 Proposition 4.1 and Corollary 3.5 in fT2 



sup \\unit)\\li, + ||Vn„||i r < Cdlv^lll + ||7llL,T+ II^IIl2(ot-h-1))- (4-16) 

0<t<T ^\ . ' / 

Using this one can check easily that {i^n} is tight. Therefore without lost of generality 
we may and will assume that {fn} converges weakly to some measure i^. Consequently, 
letting n ^ cx) in (|4.14p we conclude that there is functional ^ on Cq°{Qt) such that 

^{v) + {Ltu,r]),^T = -{fu,v)2,s,T- [ vdJ^+ f vM dfi. (4.17) 

JQt JQt 

We know that Vn ~ i^", i.e. for a.e. (s,x) G Qt, 

Es,J 7]{e,Xe)dK^,= [ [ 7]{e,y)p{s,x,e,y)dun{e,y) 

Js ' Js JR'' 

for every rj G Co((5t)- Hence, by (|4.8p . for a.e. (s,x) G Qt, 

S,,, / r/(e,Xe)dK,,e= / [ r]{e,y)pis,x,e,y)di^{e,y) 

Js Js JR'* 

for every 7] G Co{Qt)- Therefore u ^ K. On the other hand, by the definition of i^", 
Es,,. [ v{0, Xe) dKle = E^,^ f r?(e, Xe)gM{un){e, Xe) dRs,e 

J s J s 

for r] G Cq{Qt) and a.e. (s,x) G Qt- Using this and (|4.8p . (|4.9p we conclude that 
gM{u) dn ~ K. By uniqueness, dz^ = guiu) d/i. Thus, (j4.17p takes the form 

^(r/) + {Ltu, ri)g^T = -{fu, i)2,e,T - / w(^) "^M- 



'T 



Since g{u) d/j, G L2(0, T;i/~^), using arguments following (j4.2p we can extend ^ from 
Cq°{Qt) to the functional ^ on L2(0,T;/7^). Moreover, passing to the limit in (|4.15p 
and subtracting (|4.17p we see that 

^iv) = -{u,-^)2,,,T 

for every rj G C^{Qt)- Therefore ^ = ^ and u G Wq. Thus, u is a solution of 
the problem (JTI]) and, by (jM])-(j4l3]), the pair {u{t,Xt),aS/u{t,Xt)), t G [s,T], is a 
solution of GBSDE (jl.5p . Existence of the minimal solution of (jl.ip follows now from 
existence of the minimal solution of (jl.Sp (see Proposition 12. 6p . 

We now show how to dispense with the assumption that / is Lipschitz continu- 
ous. Let {/"} be the sequence of approximations of / considered in Lemma 12.41 Let 
(y^'^'", Z'^'^'") = (y",Z") be a minimal solution of <^M with / replaced by /" and 
let Un G Wg be a solution of the problem 

-^+LtUn = -fZ-g{un)fi, Un{T) = ^. (4.18) 
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From the first part of the proof we know that (j4.13p is satisfied. Furthermore, arguing 
as in the case of usual BSDEs (see [H]) one can show that 



E,^^ sup \Yr-Yr? + E,^, I \Z^-Zn'dt^O (4.19) 

s<t<T Js 

as n,m ^ oo and 

^,,,(sup \Yn'+ [ \Zr\^dt) 

s<t<T Js 

<CEs,J\v{Xt)? + j \^{t,Xt)\''dt + \Rs,T?\. (4.20) 

Set u{t,x) = limn„(t,x) if the hmit exists and is finite and u{s,x) = otherwise. As 
in in the first part of the proof we conclude from (|4.19p . (j4.20p and Proposition 4.1 and 
Corollary 3.5 in [12] that Un ^- u in 1^2(0, T; H^^) and u is cap-quasi continuous. By 
the definition of the solution of (|4.18p , 

uu f 

{-Qf,^)(>,T + {LtUn,r])g,T = -{fZ^^)2,g,T- V9{Un)dfl (4.21) 

for every r] G C^{Qt)- The above equality may be extended to all r/ S L2(0, T;i7^) 
(see comments following ()4.2p ). Moreover, taking Un as a test function in (|4.2ip and 
using the properties of the approximating sequence {/"} we conclude that (|4.16p is 
satisfied and for every r/ € L2(0,T; H^), 

n>i at 

This proves that u € Wg and ^^ — )• ^ weakly in W^. By ()4.8p . Un ^ u cap-quasi 
everywhere. Hence letting n — )• (X) in (j4.2ip shows that u is a solution of (jl.ip . 

Suppose that v € Wg is another solution of (11. ip . Then by Theorem 14.61 the pair 
{v(t,Xt),aS/v{t,Xt)), t e [s,T] is a solution of GBSDE ([13]) for a.e. {s,x) £ Qf. 
On the other hand, arguing as in the proof of Proposition 12.61 one can show that 
{u{t,Xt),crVu{t,Xt)), t £ [s,T], is the minimal solution of (|1.5p for a.e. {s,x) € Qf. 
This implies that u{t,Xt) < v{t,Xt), t £ [s,T] for a.e. {s,x) € Qf which is equivalent 
to the fact that u < v cap-quasi everywhere. Thus, u is the minimal solution of (jl.ip . 
and the proof is complete. □ 

Remark 4.8. From Theorem 14.71 and Remark 12.71 it follows that under assumptions 
of Theorem 14.71 there exists a maximal solution u E Wg of (|l.ip . 

Note that the stochastic representation of weak solutions of the problem (II. ip with 
g = was obtained in |26j . 



5 Stochastic representation of solutions of the obstacle problem 

In this section we consider stochastic homographic approximation for RBSDEs in a 
Markovian framework. We assume that the final condition ^, coefficient / and obstacle 
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S are explicit functionals of a diffusion associated with the divergence form operator 
Lt defined by (fOD . 

We wiU need the following additional hypotheses. 

(H5) There is L > such that j/(t, x, yi, zi) — f{t, x, 2/2, -^2)! < ^(|yi — ^2! + l-^i — -221) 
for all (t,x) € [0,r] x M'^, yi,y2 G I^ and zi,Z2 € R'^, 

(H6) /i G Wg, ip{x) > h{T,x) for a.e. x G M'^. 

We say that $ € L2(0,r;F^i) n M{Qt) if $ G L2(0,r;iJ-i) and there exists 
IJ, G 7W(Qt) such that (|i^ is satisfied for every rj G Cq°{Qt)- 

Proposition 5.1. Let fi G L2(0, T;i7^^) n M{Qt) and let /U^ — fi^ be the Jordan 
decomposition of fi. Then fJ-^,lJ-^ G L2(0, T;ff~^) n A^^((5t)- 

Proof. Step 1. First we show that fj-^, fi^ <C Cap. Without lost of generality we can 
assume that supp[//] CC Qt- Let X = supp[//] and X = AU B, where A,B& B{Qt) 
are from Hahn's decomposition of signed measure. Let A^,Bi; will be compact, A^ C 
A,BeCB and \ii\{A-As) < e, \i^\{B-Be) < e. Let K CC A_, and Cap(/s:)_= 0. We will 
show that /i(-R') = 0. Since /i G L2(0,T; H~^), fj, = / — div(/) for some f,f£ h2^g{QT)- 
Let ^^ will be an open subset of X such that A^ C ^f and |//|(^f — ^e) < 5. Let 
e G C7o°°(4), ^1^^ = l,e > 0. So /i« := ^d/i = /€ - div(/«) for some /«,/« G L2,,(Qr). 
For ry G C^{Qt) such that 1/^ < rj <2 we have 

JQt -^Qt -^Qt -^Qt 

< / vdfi^ + 2\f,\iAi-A,)<Cif^J^)y^£;(^ + 25. 

JQt 
By the above and [9l Lemma 2.2.7] we get 

^iiK) = fi^iK) < C(/«, f^)Cap{K) + 25 = 28. 

Because (5 > was arbitrary we get that l^^{K) = and hence that n{K) = 0. Similary 
we obtain that if K CC B^ and Cap(K) = then ijl{K) = 0. Let D G B{Qt) and 
Cap(D) = 0. By [O, Theorem 2.1.4] the last statement is equivalent to Cap(iC) = for 
every compact K d D. Now we have that 

liiK) = ix(A r\K) + i2(B nK) = limU(A, n K) + fx(Be n K)) = 0. 

e->0 

Therefore /i(-D) = 0. This shows that /i <^ Cap and as an immediate consequence that 

^J.~^,^J.~ <c Cap. 

Step 2. Let rj G L,2{0,T; H^). First assume additionally that rj is bounded. Since £ 
is regular there is a sequence {r]n} C C^{Qt) converging to rj in fi. By [9l Theorem 
2.1.4] there exists subsequence {n^} such that 77^^ — ^ ^ q.e.. We know that 



f<« 



/ 



^nfc dfJ- = {f,Vnk)2,g,T + (/, Vr/„j2,e,T 
T 
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so letting /c — ?> oo and using the Lebesgue dominated convergence theorem we get 

/ vdfi = {f,v)2,e,T + {f,Vv)2,,,T. (5.1) 

Since for every ry G L,2{0,T; Hj^) and c G M r/+,ry^,ry+ A c, 77^ A c G L2(0, T;i7^), using 
standard arguments we can show that ()5.ip holds true for any rj € h2{0,T;H^). In 
particular, it follows that f„ r/dl/xl < 00 for 77 G h2{0,T; H^). Since fj, = fi^ — fi^ £ 
1^2(0, T] H~^) by the assumption, to prove that /i+,;U^ G 1^2(0, T; H~^) it suffices to 
show that 1^1 = /i"*" +/i~ G h2{0,T; H^^), that is that the functional \iJ,\ is continuous. 
Since L2(0, T;i7^) is a Hilbert space, it follows from the closed graph theorem that to 
prove continuity of \fx\ it suffices to show that the |/i| is closed. But the last property 
follows easily from [9, Theorem 2.1.4]. □ 

We say that a pair {u, //), where /i is a positive Radon measure on Qt and u G W^, 
is a strong solution of the obstacle problem (|1.8|) if 

du f 

{^7^v)e,T + {Ltu,ri)g^T = {fu,v)2,g,T+ Vdfi (5.2) 

(y^ JQt 

for any ry G J-", and 

u{T) = if, u > h on Qt, / {u — h) d/j, = 0. (5.3) 

Jqt 

It is easily seen that strong solution of an obstacle problem is a strong solution 
of ()1.7p in the variational sense (for the definition of solution in the variational sense 
see [U El [12] ) . Therefore from known results on uniqueness of variational problems it 
follows that under (HI), (112), (115), (H6) strong solution of (jl.Sp is unique. Let us 
observe also that from ()5.2p it follows that fi G L2(0,T; //~^), which implies that the 
integral in (j5.3p is well defined. 

Theorem 5.2. Assume that (HI), (H2), (H5), (H6) are satisfied and ^ + Lfh G 
A4{Qt)- Then there exists a strong solution {u,fi) of il.8\) and if Un, n G N, zs a 
maximal solution of the Cauchy problem 

(5.4) 











dUr, 

dt 


- + LtUn 


= 


Ju„ 


- fJ'n, 


Un{T) = 


"P 




with 








IJ'n -- 




1 




^g,+L,h + f,j 


- 






l + n| 


Un 


-h\ 




then 
























(i) 


Un 


>h, 


Un\u 


a.e., 


Un ^ U 


in 


L2(0, 


T;Hl) 


nC7([o,r] 


M. 


,e 


(ii) 


fJ-n 


^fl 


and ^n 


-^ H ' 


inW'g. 
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Moreover for a.e. {s,x) G Qf there exists a solution [y^'''^ ,Z'^'^ ,K'^'^) of < [i.g|) . In fact, 
for a.e. (s,x) E Qf, 

Y^'''' = u{t,Xt), tG [s,r], P,,^-a.s., Zl'"" = cjVu{t,Xt), X(8) Ps,x-a.s. (5.5) 

for some version u of u and 

Es,x t e(i,^t)di^r= / / i{t,y)p{s,x,t,y)dii{t,y) (5.6) 

Js Js JR'* 

for every ^ G Cq{Qt) and a.e. (s,x) G Qt 

Proof. Let <i> = ^ + Lth + fh. By the assumptions on h, ^+Lth = -//, + $+-$" 
for some functionals ^~^,^~ G h2{0,T; H~^)riA4^{QT)- Hence, by Theorem l4.61 there 
exist cap-quasi continuous versions of h and n„ (still denoted by h, Un) such that for 
a.e. {s,x) G Qf, 

h{t, Xt) = h{T, Xt) + / fh{0, Xe) dO - Ct,T + Rt,T 

- f aVh{e,Xg)dBs,e, te[s,T], P,,^-a.s. 

and 

Un{t,Xt) = ip{XT)+ [ fuAG,Xe)d9+ [ an{9,Xe)dRs,9 (5.7) 

Jt Jt 

- aVun{9,Xe)dBs,e, te[s,T], Ps^^-a.s., 

where q" = i_^_n\l^^h\ ^""^ ^'^ ^^^ CAFs associated with $+, <l>~(see (jO]) ). By The- 
orem [321 Unis,x) = Unis,Xs) > n„+i(s,Xs) = n„+i(s,x) and Unis,x) = Un{s,Xs) > 
h{s,Xs) = h{s,x), Ps^a;-a.s. for a.e. {s,x) G Qf. This means that ii„ is convergent 
almost everywhere. Set u{s,x) = liuin^oo Un{s , x) if the limit exists and is finite, and 
u{s,x) = otherwise. Of course, u > h a.e.. By standard calculations, taking «„ as a 
test function in (|5.4p . we get 



ll^n(t)|lL + l|Vn„|||,,r ^ C{M\l^ + \\g\\l^ + ||$ llt{o,T;H-^))- (S'^) 

By ()3.7p . for a.e. {s,x) G Qj,, 

-E^s.x I (^tn -■"»«,) (ij-'^OP + -E^s,x / \(TV{Un-Um\'^{9,Xg)d9 

J s 

<Es,cc f \a''-a"'\\un-Um\i9,Xe)dRs,e (5.9) 

J s 

for all i G [s,T]. Multiplying this inequality by g'^ and using \TT, Proposition 4.1] (see 
also [3]) we obtain 

\\Un{t) - Um(t)\\l^^ + \\aVUn - Cr'^UmWl^g^T 

<CEs,, [ \{a"'-a'')\\un-Urr,\{9,Xe)dR,^e, 
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for every t G [s,T]. Here Eg^g denotes the integral with respect to the measure Ps^g, 
where Ps,gi) = Jj^a Ps,x{-)q{x) dx. Next, 



Es,, I \a''-a"'\\un-Um\{0,Xe)dRs,e 
<2S,,, / {\h\ + \ui\){e,Xg)dRs,e 

J s 



<2Es,x sup {\h\ + \ui\y{t,Xt) + 2Es,x\Rs,T\ . 

s<t<T 

By Corollaries 3.4 and 3.6 in [12], Es^gSup^^t^T{\h\ + \ui\)'^{t,Xt)+EsjRs,T\'^ < oo. On 
the other hand, by Theorem 13.21 for a.e. {s,x) G Qf the right-hand side of (|5.9|) tends 
to zero when n,m ^ cx). Therefore applying the Lebesgue dominated convergence 
theorem we conclude that n„ — )• n in L2(0, T;i7^) fl C([0,T],L2,g(M'^)). Furthermore, 
if 7? G L2(0, T; i/i), then by (I52D, 

uu 

\i-Er^'n)g\ < C'{||Vn„,||2,£,,T||VT/||2,g,T + {\\9\\2,g,T + \\Un\\2,e,T + || Vn„ ||2,g,T) ||??||2,£),T 
+ ll^"llL2(0,T;/f-i)ll^llL2(0,T;//l)}- 

By (j5.8p and the assumptions on the barrier h, the right-hand side of the above in- 
equality is bounded. Hence, by the Banach-Steinhaus theorem, {^^} is bounded in 
L,2{0,T; H~^). Consequently, there is a subsequence (still denoted by {n}) such that 
^ ^ ^ weakly in L2(0,T; iJ-^). By the above and ([531) we conclude that 

-^ + Ltu = -fu- H, u{T) = if, (5.10) 

where /i is a weak limit of {/«„} in L2(0,T; ii^^^). On the other hand, passing to the 
limit in ()5.7p we conclude that there is an increasing process K^'^ on [s,T] such that 
Es^x\K^^\'^ < oo and 



n(t, Xi) = ipiXr) + j fu{0, Xe) dO + K'^'' - Kp"" 

-I aVui9,Xg)dBs,e, t(£[s,T], Ps^x-a.s. 

for a.e. (s,x) G Q^,. By the form of above equation we can drop dependence on {s,x) 
in notation. This proves (|5.5p by Theorem 13.21 Formula (j5.6p follows from Theorem 
l Now, let us fix 7/ G Wg. From ([53]), (l5lil we get 



|(/in - ^J-,r])g^T\ < C{{\\un - u\\2,i,,T + ||Vu„ - Vn||) ||r/||2. 



Q,T 



+ ||Vn„ - Vn||2,e,T||V7/||2,e,T + I|-^IIl2(0,T;//-1)II^" - «IIl2(0,T;//1) 

+ sup \\Un{t) -Un(,t)\\2J\v{t)\\2,(,}■ 
te[0,T] 

Since we know that u„ ^ u in L2(0,r;i?i) n C([0,r],L2,£,(K'^)), ;U„ ^ // in W^. The 
proof is completed by showing that the pair {u, fj,) is a solution of (jl.Sp . By what 
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has already been proved all conditions of the definition of the solution are satisfied 
but the last condition in (j5.3p . To this end we first note that by the definition of 
the solution of RBSDE, Eg^x Jg (u — h){9,Xg) dKg^g = for a.e. (s,x) G Qf. Next, 
let us observe that formula (15. 6p can be extended to functions S, such that one of the 
integrals appearing in ()5.6p is finite. In particular, by |121 Corollary 3.6], ()5.6p holds 
for ^ = u — h. Consequently, for a.e. s € [0, T] we have 

0= / f^s,x / {u-h){9,Xe)dKg,e] dx > C [ [ {u-h)dfi, 

jRd \ Js J J s JRd 

the last inequality being a consequence of Aronson's lower estimate (see [2]). This and 
the fact that any measure in L2(0,r;iJ~^) vanishes on the sets of the form {t} x M 
(see comments at the beginning of section 4) completes the proof. □ 

In [20] existence of strong solutions of variational problems more general than (jl.7p 
(with nonlinear operator Lf) is proved by using a different sort of homographic approx- 
imation. Let us point out that contrary to [20) our homographic approximation of u 
is direct in the sense that to define the approximating sequence {un} we need not to 
approximate the functional (^ + Lfh + fh) by elements of L2, ^(Qt)- Secondly, we 
have proved strong convergence in L,2,g{QT) of gradients of the approximating sequence 
to the gradient of u. 

Corollary 5.3. Assume that (HI), (H2), (H5), (H6) are satisfied. If ^ + Lfh G 
■M{Qt), {%- + Lth — fh)^ ^ ^2,g{QT) and{u,fi) is a solution of jlTSj) . then d^ = r dm, 
where 

— + Lth + fh\ it,x) (5.11) 

for some measurable function a such that 

a(t,x)l|„=^|(t,x) = a{t,x), < a{t,x) < 1 
for a.e. {t,x) G Qt. 

Proof. This is an immediate consequence of Theorem 15.21 since On is bounded in 
L2,e(Qr) and {^ + Lth + fh)~ G 1^2,q{Qt)- The fact that a(t,x)l{„=;i}(i,x) = a{t,x) 
follows from uniqueness of the solution of the obstacle problem because the measure // 
is supported m {u = K}. □ 

Corollary 5.4. Under the assumptions of CoroHarv \5.3\ there exists a version u of the 
first component of the solution of il.8\) such that the triple 



u{t,Xt),aVu{t,Xt), I r{e,Xe)d9\ , t G [s,r], 

where r is defined by 115. 11\} . is a solution of RBSDE il.9\) for a.e. {s,x) G Qf. 

Remark 5.5. Let us assume that the operator Lt is symmetric and let assumptions of 
Theorem 15.21 hold. By Corollarv l3.3| for every r/ G Cq°{Qt) we have 

< Es,x / r]{t, Xt) dKs,t < Es,x / '^{u{t,Xt)=h{t,Xt)}V{ti Xt) dRs,t 

J S J S 
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for a.e. (s, x) G Qf. Integrating the above inequality over Qt with respect to (s, x) 
and using (|4.7p , (|5.6p and the symmetry of Lt we obtain 

du dh 

0<{^ + Ltu + fu) < Uu=h}{^ + Lth + fh)-, 

i.e. the Lewy-Stampacchia inequahty for solutions of the problem ()5.2p . (j5.3p (see [5] [20] 
and [H] for the inequality for solutions of elliptic equations) . 
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